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COMPLETE HOMOGENEOUS VARIETIES:
STRUCTURE AND CLASSIFICATION

CARLOS SANCHO DE SALAS

ABSTRACT. Homogeneous varieties are those whose group of automorphisms
acts transitively on them. In this paper we prove that any complete homo-
geneous variety splits in a unique way as a product of an abelian variety and
a parabolic variety. This is obtained by proving a rigidity theorem for the
parabolic subgroups of a linear group. Finally, using the results of Wenzel
on the classification of parabolic subgroups of a linear group and the results
of Demazure on the automorphisms of a flag variety, we obtain the classifi-
cation of the parabolic varieties (in characteristic different from 2,3). This,
together with the moduli of abelian varieties, concludes the classification of
the complete homogeneous varieties.

0. INTRODUCTION

Let X be a variety over an algebraically closed field k. Let G be the functor of
automorphisms of X that acts naturally on X. We say that X is homogeneous if
G acts transitively on X, that is, if for each pair of points z, 2’ € Hom(S, X), there
exists an automorphism 7 € Autg(X x S) (after a faithfully flat base change on S)
transforming one into the other: 7(x) = 2’

It is known that the group of automorphisms of a complete variety exists, i.e.,
the functor G is representable, and it is locally of finite type (see [7]). Hence, if
X is smooth, connected and homogeneous, then the reduced connected component
through the origin of G acts transitively on X. Therefore, every smooth and con-
nected homogeneous variety is isomorphic to G/ P, with G a smooth and connected
algebraic group and P C G a subgroup.

Let AutO(X ) denote the reduced connected component through the origin of the
automorphism scheme of X.

The main results that we obtain here are:

(1) A complete homogeneous variety splits canonically and uniquely as a direct
product of an abelian variety and a parabolic variety.

A parabolic variety means a variety of the form G/P with G an affine, smooth
and connected algebraic group and P a parabolic subgroup (eventually not re-
duced), i.e., a subgroup containing a Borel subgroup of G. This is Theorem
The analogue of this result for compact Kéahler manifolds is due to A. Borel and R.
Remmer (see [2]).
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For the proof, it is necessary to prove that any action of an affine group on a
variety with projective orbits is trivial. More precisely, it is proved that if an affine
algebraic group acts on a variety and the orbits are projective and equidimensional,
then the wvariety splits as the direct product of an orbit and the quotient by the
action. This is Theorem [B.3] Borel proved an analogue of this result for a complex
variety (see [1]).

(2) From this result the next one, of great interest for the classification, fol-
lows easily: The automorphism group of a homogeneous complete variety classifies
(modulo isomorphisms) the variety, up to the choice, in such a group, of a class
(modulo automorphisms of the group) of a parabolic subgroup [P]. Moreover, this
group of automorphisms splits, in a unique way, as the direct product of a semisim-
ple group of adjoint type (that is, with trivial center) and an abelian variety, and
the subgroup P is a parabolic subgroup of the semisimple part. That is, to each
homogeneous variety X is assigned its automorphism group AutO(X )=Gx A and
the class [P], modulo automorphisms, of a parabolic subgroup P C G; thus the
maps X — (G, 4, [P]) and (G, A, [P]) — X = G/P x A establish an equivalence of
objects modulo isomorphisms. This is Theorem B

It should be noted that the triplets (G, A, [P]) are chosen with the single condi-
tion that Aut’(G/P) = G. Therefore, a first question is to know whether G may be
any semisimple group of adjoint type; in other words, if G is given, does there exist
a parabolic subgroup P C G such that Aut’(G/P) = G? The answer is affirmative,
and is due to Demazure ([4]). From his results one obtains in particular:

If G is a semisimple group of adjoint type and B is the variety of its Borel
subgroups, then Aut®(B) = G.

In conclusion, the classification of homogeneous complete varieties is equivalent
to the classification of abelian varieties, semisimple groups of adjoint type (both of
them well studied, see [§], [9], [6]) and parabolic subgroups P of a given semisimple
group G (modulo automorphisms) such that Aut’(G/P) = G. Therefore, the
classification is essentially reduced to the classification of (non-exceptional, in the
sense of Demazure [4]) parabolic subgroups of a simple group of adjoint type.

Finally, from the classification of the parabolic subgroups (in characteristic p #
2, 3) due to Wenzel ([12]) and the determination of the non-exceptional and reduced
parabolic subgroups due to Demazure ([4]), we shall classify the parabolic varieties
in characteristic p # 2, 3.

1. KNOWN RESULTS
The following results are well known and may be found in [5], [6], [8], [9], [11].

Theorem 1.1 (Barsotti-Chevalley). Let G be a smooth and connected algebraic
group. There exists a unique normal subgroup G C G that is affine, smooth and
connected, such that the quotient G/G is an abelian variety.

Definition 1.2. An affine algebraic group is said to be linearly reductive if any
linear representation splits as a direct sum of simple representations.

An example of a linearly reductive group is the torus, and this is the only smooth
and connected one in positive characteristic.

Theorem 1.3. If a linearly reductive group acts on a smooth variety X, then the
closed subscheme X© of the fized points is a smooth subscheme whose tangent space
at each point x is the subspace of the G-invariant tangent vectors of X at x.
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Definition 1.4. A parabolic subgroup of an affine, smooth and connected group
G is a subgroup P C G such that the quotient variety G/P is complete.

Definition 1.5. A parabolic variety is a complete variety of the form G/P, where
G is an affine, smooth and connected group and P C G is a subgroup. A parabolic
variety is called a flag variety if P is a reduced scheme.

Theorem 1.6 (Chevalley). If G is an affine group and H C G a subgroup, then
G/H is a quasiprojective scheme and the action of G on G/H is projective, i.e.,

there exists a linear representation E of G such that G/H is a sub-G-scheme of
P(E).

Remark 1.7. Tt follows from this theorem that any parabolic variety is projective.

Theorem 1.8. Any flag variety is a Fano variety; that is, the dual of the dualizing
sheaf is ample.

Theorem 1.9. Let G be a semisimple group, Aut G the automorphism group of G,
and I C Aut G the subgroup of the inner automorphisms of G. Then (Aut G)/I is
finite. In particular, if G is of adjoint type, then the connected component through
the origin of Aut G is isomorphic to G.

Theorem 1.10. Let X be an abelian variety, and Aut’® X € Aut X the connected
component through the origin of the automorphism group of X (as a variety). The
inclusion X — Awt’ X, z — t, = translation by z, is an isomorphism.

Theorem 1.11 (Borel’s fixed point theorem). If a smooth, solvable and connected
affine group acts on a complete variety, then the subscheme of the fized points is
not empty.

Definition 1.12. We shall denote by Pic (X) the scheme in groups (if it exists) that
parametrizes the invertible sheaves on X and by Pic’(X) the connected component
of Pic(X) through the origin.

Theorem 1.13. If X is a complete variety, then Pic(X) exists; it is a proper
scheme and the tangent space at the origin is isomorphic to H*(X,Ox). Moreover,
(1) If X is an abelian variety, then Pic(X) is smooth; hence, Pic®(X) is also
an abelian variety.
(2) If X is a parabolic variety, then Pic®(X) = 0; in particular, Pic(X) is
a discrete k-scheme (i.e., [[Speck). Furthermore, if X = G/P where
G is semisimple and simply connected, then Pic(X) is isomorphic to the
character group of P.

Let X be a variety such that Pic (X) exists. Let P be a universal invertible sheaf
on X x Pic®(X), i.e., an invertible sheaf such that the pair (Pic’(X), P) represents
the functor of invertible sheaves of degree zero on X. By the universal property,
P is univocally determined up to inverse images of invertible sheaves (of degree
0) on Pic’(X) by the projection X x Pic’(X) — Pic’(X). Hence, if one fixes a
point 79 € X and requires that P be trivial on zg x Pic’(X), then P is completely
determined.

Given P, one defines p: X — Pic’(Pic’(X)) by p(z) = Pl meoix)
to determine P, one replaces the chosen point xy by another one, z{,, then one
obtains the same morphism composed with the translation on Pic’(Pic’(X)) by

. If, in order
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the invertible sheaf ¢(z()~!. That is, ¢ is univocally determined, up to translations
on Pic®(Pic’(X)), by the choice of a point of X. If X is a group, one chooses as g
the origin of the group; this is equivalent to saying that ¢ is a morphism of groups

(»(0) = 0).
Theorem 1.14 (Duality of abelian varieties). If A is an abelian variety, then the
natural morphism A — Pic®(Pic®(A)) is an isomorphism.

Theorem 1.15. If X, Y are complete varieties, then
Pic®(X) x Pic®(Y) = Pic®(X xY),
and the correspondence is (L, L) — L ® L.
k

2. LOCAL TRIVIALITY OF DEFORMATIONS OF PARABOLIC SUBGROUPS

Let us assume that k is an algebraically closed field of arbitrary characteristic p,
and let G be an affine, smooth and connected algebraic group over k.

Definition 2.1. The nilpotence degree of an algebraic group G (over an alge-
braically closed field) is the order of the quotient by its reduced subgroup: |G/Gcdl.
That is, it is the dimension of the finite vector space of the functions of G/G.cq-

It is known that a subgroup P C G is parabolic if and only if it contains a Borel
subgroup B of G. Moreover, given a Borel subgroup B, each parabolic subgroup
has a conjugated one containing B, because all Borel subgroups are conjugate.
Therefore, the problem is to determine the structure of the parabolic subgroups
containing a given Borel subgroup.

The aim of this section is to prove the local triviality of any deformation of
parabolic subgroups (containing a Borel subgroup B). More precisely, let us denote
Xg = X x S for each k-scheme S. Then,

Theorem 2.2. Let S be a connected scheme and P C Gg a subscheme in groups
over S containing Bg. Then:

(1) If P is flat over S, then it is constant; that is, P = Ps for some subgroup
P C G containing B.

(2) If S is integral and the fibres of P - S have constant dimension and

nilpotence degree, then P is constant: P = Ps.

One first observes that any parabolic subgroup contains the radical R(G) of
the group (the maximal solvable, normal, smooth and connected subgroup of G).
Hence, the parabolic subgroups are in biunivocal correspondence with the parabolic
subgroups of the quotient G/R(G), which is a semisimple group. Therefore, we shall
assume in the following that G is semisimple.

Let T' C B be a maximal torus of GG, R the roots system of G associated with
T, R* the positive roots (i.e., the roots of (B,T)) and S C R the basis of simple
roots contained in RY.

Remark 2.3. The reduced parabolic subgroups (containing B) are in biunivocal
correspondence with the subsets I of the basis §. In particular, the number of
them is finite (exactly 2/51). Therefore, the theorem is almost immediate in charac-
teristic 0, since any group is reduced, and hence the scheme of parabolic subgroups
containing B is finite and discrete. Thus, for the proof of the theorem, we shall
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assume that the characteristic is positive, p > 0, although the same proof is valid
in characteristic 0 with the corresponding simplifications.

Let B be the variety of Borel subgroups of G. It is known that B = G/B, as G-
varieties. Let U C B be the unipotent part of B and U~ the unipotent part of the
Borel subgroup B~ opposite to B (that is, the unique Borel subgroup containing
T and such that BN B~ = T). One has that U~ is identified, as a U~ -scheme,
with an open subset U~ of B (precisely, with the open set of the Borel subgroups
B’ such that B' N U~ = {e}), which coincides with the unique open orbit under
the action of B™.

Lemma 2.4. Let S — Speck be a base change. The map P — PNUg , between the
subschemes in groups of Gg over S containing Bs and the subschemes in groups of
Ug over S stable by T, is injective. Moreover, flat subschemes correspond to flat
subschemes.

Proof Each subscheme in groups of GS, P D Bs, defines a closed subscheme
P/Bs C (G/B)g = Bg, which determines P since P is the preimage of that closed
subscheme by the morphism to the quotient 7: G — Gg/Bs = Bs. Moreover,
Ug N (IND/BS) is dense in IND/BS (because it is dense in the fibres over S, since any
parabolic subgroup is irreducible). Hence, JB/BS is the closure of Ug N (P/Bs)

in Bg. It follows that the closed subscheme /g N (P/BS) C Ug determines P.
However, the identification of U~ with U~ mduces another one of Ug with Uy,

and it is clear that Ug N (IND/BS) is identified with Ug N IND, which is a subscheme
in groups of Ug and is stable under the action of T" by conjugation (since both

subschemes are stable) In conclusion, Ug N P determines P. The flatness of
P NUg when P is flat follows from the flatness of P/BS C Bg (this one is flat
by descent, since PP /Bg is faithfully flat), since PN Ug is identified with the
open subscheme (P/Bs) NUg . O

In the case that S = Spec k, this lemma may be obtained from Proposition 4 of
[12] as a particular case. Therefore, this lemma generalizes that proposition for the
relative case.

Let {a1,...,as} = R~ be the roots corresponding to B~. By definition, these
are the characters of T' appearing in the action of T on the tangent space of U~
(so s = dimU™). They are nontrivial characters, and none of the «; is a power
of aj for i # j (in particular, they are different). Moreover, for each «; there
exists a unique additive subgroup G%* C U~ stable by T" and such that T" acts by
multiplication by the character a;, in such a way that the multiplication morphism
Got x -+ x G¥ — U~ is an isomorphism of T-varieties.

If P C G5 is a parabolic subgroup containing B, then, in particular, PNUg = H
is a subgroup of Ug stable under the action of T by conjugation. Therefore, it
suffices to study the structure of these subgroups.

Definition 2.5. A cone is the spectrum of an N-graded algebra.

One observes that a Z-graduation on an algebra A is equivalent to an action of
algebras of the multiplicative group G,, on A.
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Definition 2.6. We say that an action of G, on Spec A is conic if the corresponding
graduation on A is an N-graduation.

Proposition 2.7. If G,, acts on an affine scheme X in a conic way and Y C X
is a stable closed subscheme, then the action of G, on'Y is conic.

Proof. Immediate. O

Remark 2.8. The action of the maximal torus 7" on U~ (with the above notation)
is conic for certain one-parameter subgroups G, — T.

Lemma 2.9. The system of negative roots can be ordered in such a way that for
each i < s there exists a multiplicative subgroup Gﬁ,? C T such that the restriction

of the root o to Gs,? is a nontrivial negative character for j > i and is the trivial
character for j =i.

Proof. Using the additive notation for the characters of T', one has that R~ C

XT)=2Zo A @ Z; thus, R~ are vectors with negative coordinates. One then
has to find linear forms w;: X(T) — Z (which correspond to multiplicative sub-
groups of T') such that w;(«;) are negative for j > ¢ and w;(e;) = 0, for a certain
order of the indices. By recurrence, it clearly suffices to prove that for any subset
J ={pf1,...,0-} C R~ there exists a reordering of the indices and a linear form
w: X(T') — Z such that w is negative on §; for j > 1 and w(f) = 0. Since R~ is
contained in an open half-plane of the corresponding real vector space, any J C R~
generates a convex cone that contains no full line. Let §; € J generate an extremal
ray of that cone. Then there exist a linear form w vanishing at 31, and strictly
negative on all other 5 € J (since no negative roots are proportional); we may
further assume that w is rational, and even integral. O

Corollary 2.10. Let us fix an ordering of the roots given by the preceding propo-
sition. If we denote U, = G§* x -+ x G&*, then

o U is closed in U™ and stable under the action of T';

) G5}3 acts in a conic way on U, , and the subscheme of the fized points is
(U7 )G = G

3

Proposition 2.11.

(1) Let H be an affine S-scheme in groups on which G, acts in a conic way
through automorphisms of S-schemes in groups. Then, there exists a unique retract
p: H— H%m of G,,-schemes, where HE™ is the closed subscheme in groups of the
fixed points of H by G,,. Moreover, p is a morphism of S-schemes in groups, and
hence ker p = N is the unique subscheme in groups of H stable by G, such that

H=N x H .
S

(2) If H is an affine S-scheme in groups on which Gy, acts in a conic way
through automorphisms of S-schemes in groups and H C H 1is a subscheme in
groups stable by G, then G, acts in a conic way on H and the restriction of the

- —  5Gm
retract p: H — H%™ to H is the corresponding retract pg:H—H " C HGm,
Proof. (1) By the uniqueness of p it suffices to prove the statement locally on S.

That is, we may assume S = Spec k with k a ring, and H = Spec A, with A a Hopf
k-algebra.
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By hypothesis, A is a Hopf T-algebra, i.e., an N-graded Hopf k-algebra. Let us
consider the Hopf subalgebra Ag C A of the elements of degree zero. Let I C A
be the irrelevant ideal. One has that [ is the ideal of a subgroup of H over k and
Ay & A/I as Hopf k-algebras. This means that the inclusion Spec A/I C Spec A
has the retract my: Spec A — Spec Ag. Now, Spec A/I = H%m since a point of
H valued at B, h: A — B (morphism of k-algebras), is a fixed point if and only
if h is a morphism of G,,-algebras, where B is endowed with the trivial structure
of G,,-algebra; in other words, if and only if it is a morphism of graded k-algebras
with the trivial graduation on B (B = Byp). But this is equivalent to saying that
h(I) =0, i.e., h factors through A/T or h is a point of Spec A/ valued at B. This
yields the existence of p and proves that it is a morphism of schemes in groups.

The uniqueness is given from the fact that if a morphism p: A/I — A is a section
of algebras and G,,-algebras of the projection 7: A — A/I, then it maps into Agy
(since it is a morphism of G,,-algebras) and, since it is a section of 7, it must be
the inverse of the isomorphism ), : Ay — A/l

(2) It is immediate that the action is conic. For the second part, in the above
reduction, the retract is given by the inclusion Ay C A; if A is the ring of H and A
the ring of H, then the statement follows from the commutativity of the diagram

A—— A

Ag——4
O

Corollary 2.12. With the notation of Corollary [Z10, one has that U, is a sub-
group of U™, and it is the kernel of the unique retract of groups and T-schemes
Pi—1: Uil — Ggi’_l.

(2

Proof. (By recurrence on ¢). One has that U,_, is a subgroup of U~. Let us

consider the subgroup Gﬁffl) C T of Lemma From Corollary [2.10 one has
that (U;l)GSrTl) = G3'7' and, by Proposition [ZIT} there exists a unique retract

pi—1: U, — Gg' ' of G%ﬁl)—schemes which is, in addition, a morphism of groups.
Therefore, it must coincide with the projection on Gg*~*, and hence ker p;_1 = U;";

in particular, U;” is a subgroup of U~ and p;_1 is a morphism of T-schemes. [

Proposition 2.13. The subschemes in groups H of Ug stable by T are subschemes
of the form
H=H x---xH;CUg
s s

with H; C (G$%)s a subscheme in groups stable by homotheties.

Proof. In order to simplify the notation, let us assume that S = Speck, i.e., H C
U, since the proof does not depend on the base S. Let us denote 17 = GS) cT.
By Corollary 210, U~ and H are cones with respect to 77, and the fixed points are
respectively (U7)T" = G¥ and H* = HN(U~)" = HN G = Hy. Moreover,
the retract p: U~ — G9* of Ti-schemes in groups restricts to the corresponding
retract p|,: H — H; (Proposition [Z7)). Thus, since kerp = U, ", one concludes
that H = Hy x H with H; C G2* and H C U, . Recurrently, one concludes. [
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Proposition 2.14.

(1) If S is a connected scheme, then the subschemes in groups of Ug flat over
S and stable by T are constant; that is, they are all obtained from the subgroups of
U~ by the base change S — Speck.

(2) If S is integral, then the subschemes in groups of Ug stable by T' and flat
over S are precisely the ones with constant dimension and nilpotence degree along
the fibres over S.

Proof. We may assume S = Spec A. By the preceding proposition, any subgroup H
of Ug stable by T' (without flatness conditions over S) has the form Hy x --- x Hg,
s s

with H; C (G%)s a stable subgroup by T. We may therefore assume U~ = G, =
Speck[Y] and H C (G,)s stable by homotheties. In this case, H = Spec @A/I; -Y*
i

for certain ideals I; C A satisfying Iy C [y C ---C I, C---.

(1) If H is flat over S, then the A-modules A/I; are also flat; thus, they are
locally free with rank less than or equal to 1, i.e., either I, = 0 or I; = A. It is then
clear that H descends to U~.

(2) Assume S is integral. If H C (G,)gs has constant dimension 1 along the
fibres, then H = (G,)s, since the equality holds in the fibres over S. Therefore,
(I;)o = S and hence I; = 0 (since S is integral). If H has constant dimension 0
along the fibres, then for each point x € S the nilpotence degree is the maximum
index 4 such that p, D I; (p, C A being the prime ideal of the functions that are
zero at x). Since the nilpotence degree is constant along the fibres, one has that
either (I;)o = S or (I;)o = 0; that is, either I; = 0 or I; = A for each 4, and one
concludes. O

Proof of Theorem This follows from Lemma [Z4] and Proposition 214l O

3. TRIVIALITY OF THE ACTIONS WITH COMPLETE ORBITS

Definition 3.1. Let X be a variety on which an algebraic group G acts and let
x € X. We shall call the nilpotence degree of the orbit of x the nilpotence degree
of its isotropy group: |P./(Px)red|-

Remark 3.2. In characteristic zero this notion is superfluous, since any group is
smooth and hence the nilpotence degree of any orbit is 1.

Theorem 3.3. Let G be an affine, smooth and connected algebraic group acting on
a smooth variety X . Assume that the orbits of the action are complete and that they
have constant dimension and nilpotence degree. Then all the orbits are isomorphic
as G-varieties to a given one Y and X ~Y x X/G as G-varieties, where the action
of G on X/G is trivial. In particular, X/G is a geometric quotient of X by G.

Proof. Choose B, a Borel subgroup. Let X7 be the reduced subscheme of the fixed
points of X under the action of B. Then B fixes a unique point in any G-orbit
in X. So the map G x X® — X is surjective and its fiber at z € X? is G, (i.e.,
the isotropy group of x), which is irreducible and of constant dimension (since the
dimension of G/G,, is constant). Thus, X is irreducible.

Let us define ¢: G x XB — X x XB by ¢(g,z) = (9 x,2) and let P =
¢ '(Axs) C G x XB where Ays = XP C X x XP is the diagonal. It is a
subscheme in groups of G x X over X7, it contains B x X?, and its fibre in each
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point € X is the isotropy group of x that, by hypothesis, has constant dimen-
sion and nilpotence degree. Since X7 is connected and integral, one concludes, by

Theorem B2, that it is constant: P = P x XB, with P ¢ G a subgroup containing
B. Tt thus follows that ¢ factors through an isomorphism G/P x X® — X. O

4. INVARIANT INVERTIBLE SHEAVES

Definition 4.1. Let X be a complete and homogeneous variety. An invertible
sheaf £ € Pic(X) is said to be invariant if it is a fixed point of Pic (X) under the
natural action of Aut’(X) in Pic(X).

Remark 4.2. If X is a parabolic variety, then any invertible sheaf is invariant, since
Picreq(X) is a discrete k-scheme (because Pic®(X) = 0) and Aut’(X) is smooth
and connected.

Proposition 4.3. Let X be a complete and homogeneous variety. If L € Pic(X)
is effective and invariant, then the complete linear system I'(X,L) has no base
points, Aut®(X) acts by automorphisms on P(H(X,L)*), and the natural mor-
phism ¢z : X — P(HO(X, £)*) is an Aut®(X)-morphism.

Proof. Let G = Aut’(X), and let m: G x X — X be the action. Since £ is
invariant, one has m*L ~ L5 ® L, for some invertible sheaf L5 on G. Taking direct
k

images over G, one obtains 1 ® m*: Og @ H°(X, L) = Lg ® H°(X, L), and hence
k k

a morphism of G-schemes

G x B(H'(L)) = Pa(Oc © H'(L)) T P (L ® H'(L)) = G x P(H(L)),

where we have denoted H°(L) = H°(X,L). Taking a fibre at each point of G,
one obtains a morphism 7: G — Auty(P(H°(X, £))) = PGl (H°(X, £)) such that
for any rational point g € G and any section s € H°(X, £) one has 7,((s)) = (g*s) C
HY(X,g*L£)=H"(X, £). Hence the transposed morphism 7: G — PGl (H°(X, £)*)
satisfies 74 ((w)) = (g - w), for any g € G and w € H°(X, L)*, where (g - w)(s) =
w(g*s) for each s € H(X, £). It follows easily that 7 is a morphism of groups (no-
tice that a morphism between two smooth groups is a morphism of groups if and
only if it is so for the rational points). Moreover, if for each point z € X we denote
by w,: H*(X, L) — L, ~ k the linear form that maps each section to its fibre at
x, then (¢-wy) = (wg.z). Therefore, the closed subset of base points is empty, since

it is G-invariant, L is effective, and X is homogeneous, and the natural morphism
e X — P(HY(X,L)*), defined by ¢ (x) = (w), is a G-morphism. d

Remark 4.4. This theorem implies the following well-known results:

(1) If X is an abelian variety, £ € Pic’(X) is nontrivial if and only if H°(X, L) =
0.

(2) A complete and homogeneous variety X is parabolic if and only if Aut®(X)
is an affine group (and, in that case, it is semisimple of adjoint type).

Definition 4.5. We shall say that a morphism 7: X — Y of smooth varieties is a
quotient of X if

(1) 7 is surjective (as a map),

(2) 7 is submersive, i.e., a subset U C Y is open if and only if 7=(U) is open in
X

)
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(3) Oy =ker(Id®1—-1®Id), with I[d®1 - 1® Id: 1.0x — 7.0x (58 m.Ox the
Y

natural morphism.
We shall say that a quotient 7: X — Y is an invariant quotient if
(4) there exists an action of Aut’(X) on Y such that 7 is a Aut®(X)-morphism.

This notion of quotient corresponds to the notion of quotient by an equivalence
relation in the theory of schemes; that is, it is wider than Mumford’s notion of
geometric quotient under the action of a group.

Remark 4.6. If X is a homogeneous variety, then one morphism 7: X — Y (where
Y is a smooth variety) is an invariant quotient of X if and only if it is surjective
and invariant (i.e., it satisfies the conditions (1) and (4)). Indeed, if 7 is invariant,
then the fibers are equidimensional and so 7 is flat (X, Y are smooth varieties).
Moreover, if 7 is surjective, then 7 is faithful flat, and one concludes easily, by flat
descent, that 7 satisfies conditions (2) and (3).

Definition 4.7. We shall say that two quotients 7: X — Y, 7/: X — Y’ are
equivalent if there exists an isomorphism ¢: ¥ — Y” such that 7’ = ¢ o 7.

Remark 4.8. Let X be a homogeneous variety. An invariant quotient 7: X — Y is
determined, up to equivalence, by the fibre passing through a given point = € X,
that is, by the subscheme 7~ !(7(x)) C X. Indeed, if G = Aut’(X) and H is the
isotropy group of x, then X = G/H,Y = G/H' (with H' the isotropy group of
7(z)) and 7~ (n(x)) = H'/H C G/H.

Remark 4.9. The invariant quotients of X, up to equivalence, are partially ordered
in the following way: (Y,7) > (Y’,7n’) if there exists a morphism h: Y — Y’ of
Aut®(X)-varieties such that 7/ = h o w. Moreover, they form an inverse system:
if (Y1,m1), (Ya,72) are two invariant quotients, there exists a third one, (Y,),
such that (Y, 7) > (Y1,m1), (Ya,72); it is enough to define Y as the image of the
Aut’ (X)-morphism m x ma: X — Y7 x Ys. Notice that if ¥; and Ys are parabolic
varieties (respectively, abelian varieties), then Y is parabolic (respectively, abelian).

Lemma 4.10. Let X be a complete variety, L an invertible sheaf on X and Vo C
Vi € HY(X, L) two linear systems without base points. Let m;: X — X; C P(V;*) be
the morphism induced by V;, with X; = Imm;. There exists a morphism h: X1 —
X5 such that moy = h o m1. Moreover, h is finite.

Proof. Let (V2)o C V;* be the subspace incident with V5. Let us consider the natural
projection h: P(V*)—P((Va)o) — P(Vy). Then 77 H(X1NP((Vz)o)) is the subscheme
of base points of V5, which is empty; hence h induces a morphism h: X; — Xo.

The finiteness of h follows from the fact that it is an affine morphism, since h is
affine. O

Proposition 4.11. Let X be a complete and homogeneous variety. There exists
a parabolic (respectively, abelian) invariant quotient w: X — P(X) satisfying the
following universal property: for any parabolic (respectively, abelian) invariant quo-
tient ™: X — P, there exists a unique morphism f: P(X) — P such that T = fon.
Moreover, there exists an effective and invariant invertible sheaf L on X such that
P(X) =Proj@®, oy H*(X, L") and the natural morphism

X — Proj P H(X, L") = P(X)
neN
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coincides with .

Proof. The invariant quotients are determined by the fibre through a given point =z,
in such a way that the order of the quotients corresponds with the inclusion order
of the fibres; that is, (Y,7) > (Y, 7) if and only if 7—!(n(x)) C 7 *(7(z)). Since
X is Noetherian, one concludes the existence of a maximal parabolic (respectively,
abelian) quotient.

For the second part, let £ be an ample invertible sheaf on P(X). Since P(X)
is parabolic, £ is invariant, and so £ = 7*L is invariant too. Let us consider the
parabolic quotient 7: X — P = Proj@, oy H*(X,L£"). One has that P(X) =
Proj@,, cn H(P(X), L") and HO(P(X),L") C H°(X,L"). This defines a mor-
phism h: P — P(X) such that 7 = h o7 (LemmaI0). Hence (P,7) > (P(X),n)
and, by maximality, one concludes that (P,7) = (P(X), 7). O

Definition 4.12. The universal parabolic quotient 7: X — P(X) of the latter
proposition is called the parabolic part of X. The universal abelian quotient
Tab: X — Ab(X) is called the abelian part of X.

5. STRUCTURE OF COMPLETE AND HOMOGENEOUS VARIETIES

Lemma 5.1. Let G be a smooth and connected group. If G is a normal subgroup
of a smooth and connected group G and G acts transitively on a variety Y, then the
orbits of Y under the action of G are closed and conjugated by G (in particular,

the orbits are isomorphic as G-schemes). In addition, there exists a fine quotient
Y - Y/G.

Proof. One has that Y ~ G/H, as G-schemes. Since G is normal in G, it follows
that G- H C G is a subgroup and it is clear that Y/G ~ G/G - H as G-schemes, in
such a way that the morphism 7: Y — Y/G corresponds to G/H — G/G - H. One
concludes easily. O

Theorem 5.2. If X is a complete and homogeneous variety over k, then:

(1) X splits, in a unique way, as the direct product of a parabolic variety and an
abelian variety, X =Y x A. These factors are canonically determined from X in the
following way: A is the Albanese variety of X (that is, A = Pic’(Pic°(X)), where
Pic® denotes the reduced connected component through the origin of the Picard
scheme) and w1: X — 'Y s the parabolic part of X.

(2) X is projective, and (the connected and reduced component of) its automor-
phism scheme splits, in a unique way, as a direct product of an abelian variety and
a semisimple group of adjoint type. More precisely: if X =Y x A, with Y the
parabolic part and A the abelian one, then Aut®(X) = Aut®(Y) x A and Aut®(Y)
is a semisimple group of adjoint type.

Proof. Let G = AutO(X). Let G C G be the unique affine, smooth, connected
and normal subgroup such that A = G/G is an abelian variety (Theorem [II). By
Lemma Bl G acts on X with closed and isomorphic (as G-schemes) orbits. Then,
by Theorem 33 X = G/P x X/G, and A = X/G is a quotient of G/G = A and
hence an abelian variety.

For the uniqueness of the decomposition X =Y X A, it is enough to determine
canonically the projections of X onto the factors:

(1) Let Pic® be the reduced connected component through the origin of the
Picard scheme of X, which is an abelian variety (Theorem [LT3(1)). It is known
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that Pic?(Y) = 0 (Theorem [[T3(2)) and that Pic’(Pic’(A)) = A (Theorem [[T4),
and this equality is canonical up to translations of A (that is, it is canonical once
the origin is fixed). Moreover, Pic®(Y x A) = Pic’(Y) @ Pic’(A) (Theorem [[I5),
and one thus has a natural morphism

X — Pic®(Pic’ (X)) = Pic®(Pic®(Y) x Pic’(A)) = Pic’(Pic’(A)) = A,

which is precisely the projection. In other words, A is the Albanese variety of X,
and the projection X — A is the natural morphism X — Alb(X).

(2) In order to see that m1: X — Y is the parabolic part of X, it is enough to see
that (Y, m1) > (P(X), ), i.e., that the fibre of a point yp € Y by 71, yo x A C X,
is contained in some fibre of m (Remark E8). By Proposition 1], 7: X — P(X)
is the morphism induced by an effective invariant invertible sheaf £ on X; hence
it suffices to prove that £ is trivial on yg x A. But, since A = yy X A is an
abelian variety, any effective invariant invertible sheaf is trivial (Remark {4 (1)).
The restriction of £ to A is effective because H°(X, L) # 0 has no base points
(Proposition [4.3)).

For the second part of the statement, it is enough to observe that, since the
projections onto the parabolic and abelian parts are invariant quotients, any au-
tomorphism induces an automorphism of each factor, and conversely. The rest is
immediate. (]

Corollary 5.3. Any group extension of an abelian variety by a semisimple group
of adjoint type is trivial.

Proof. Let A be an abelian variety, G a semisimple group of adjoint type, and let
0-G—-G—-A—0

be a group extension. Let B C G be a Borel subgroup of G and X = G/B.
Since G is a normal subgroup of G, it follows easily that the orbits of X under the
action of G are all isomorphic to G/B. Hence, by Theorem B3l X = G/B x A
(since G/G = A) and G C Aut’(X) = Aut’(G/B) x Aut’(A) = Aut’(G/B) x A.
Let 71 Aut’(G/B) x A — Aut’(G/B) be the natural projection. Then m;(G) =
Aut’(G/B) = G (Demazure []). It follows that m : G — G is a retract of groups,

and hence G is the trivial extension. O

Definition 5.4. The parabolic type of a homogeneous variety X is the class, mod-
ulo automorphisms of Aut’(X), of the isotropy group of any point of the variety
under the action of its group of automorphisms (more properly, the reduced con-
nected component of its group of automorphisms).

Remark 5.5. From the preceding theorem, the isotropy group of any point x of
a complete homogeneous variety X is a parabolic subgroup of the affine part of
its group of automorphisms. Therefore, the parabolic type of the variety coincides
with the class of its parabolic part modulo isomorphisms.

Theorem 5.6. Two complete and homogeneous varieties are isomorphic if and only
if their groups of automorphisms are isomorphic and they have the same parabolic
type. In particular, the group of automorphisms classifies the variety, once its
parabolic type has been given. In characteristic zero, there exist at most a finite
number of complete homogeneous varieties with a given group of automorphisms.
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Given a complete and homogeneous variety X = Y X A, let us denote by
Aut'™(X) the maximum affine, normal, smooth and connected algebraic sub-
group of Aut’(X) (as usual, Aut’(X) denotes the reduced connected component
of the group of automorphisms of X), and let Aut®(X) = Aut®(X)/ Aut'™(X) =
Alb (X).

Theorem 5.7 (Classification of complete homogeneous varieties). The classifi-
cation of complete homogeneous varieties is equivalent to the classification of the
triplets (A, G, [P]), where A is an abelian variety, G is a semisimple group of adjoint
type, and [P)] is a parabolic type of G such that G = Aut®(G/P). The correspon-
dence 1is ‘
X (Alb (X), Aut"™(X), [P2]),
AXG/P — (A G,[P]),

where P, C Autlm(X) is the isotropy group of any point x € X and [P,] denotes
its class modulo automorphisms of Aut'™(X).

6. CLASSIFICATION OF PARABOLIC VARIETIES

To conclude, we are going to give the classification of the parabolic varieties from
the following results:

e The classification of the parabolic subgroups given by Wenzel in [12] (in char-
acteristic different from 2 and 3).

e The determination (given by Demazure in [4]) of the pairs P C G, where G is a
simple group of adjoint type and P C G is a reduced parabolic subgroup such that
G = Aut’(G/P). The pairs satisfying this condition are called non-exceptional.
Demazure proves that the exceptional pairs are the following ones:

(1) G = SOg41(k) and G/ P the variety that parameterizes the totally isotropic
subspaces Vi C K2+ (with 2141 > 5). In this case Aut’(G/P) ~ PSSOy 2.

(2) G = Spy (k) and G/P = Py_; the variety that parameterizes the lines of
k2L, In this case Auto(]P’gl,l) ~ PGly (k).

(3) G = the simple group of adjoint type with semisimple rank 2 and type Go;
that is, it is the group of automorphisms of an algebra of octonions 2. Let

(NZ C Q be the hyperplane of the pure octonions and G/P the variety of

isotropic lines of 2. Then G/P is isomorphic to a projective quadric of
dimension 5, and hence, Aut’(G/P) = PSOg(k).

Theorem 6.1. A complete homogeneous variety X splits as a direct product of two
varieties X = Y1 x Ys if and only if the group of automorphisms Aut®(X) splits as
a direct product of two groups AutO(X) = (1 X Ga. Moreover, one has:

(1) Y1,Ys are complete and homogeneous varieties.

(2) P(X)="P(Y1) x P(Ya).
(3) Ab(X) = Ab(Y1) x Ab(Y3).
(4) Aut®(X) = Aut®(Y;) x Aut®(Ya).

Proof. Assume that X = Y; xY5. Since Y7 ~ Y7 Xyo «— X for any closed point o €
Y5, Y7 is projective. Analogously, Y5 is projective. Moreover, they are both reduced
and connected, since the product Y3 x Yo = X is so. In particular, Pic®(X) =
Pic® (Y1) x Pic®(Ys). Tt follows that Ab(X) = Ab(Y;) x Ab(Y2) and the morphism
w: X — Ab(X) is precisely g = p1 X pa: X = Y1 x Yo — Ab(Y7) x Ab(Y2). On
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the other hand, the fibre by p of any point x = (y1,y2) is P(X) = Fy X Fy, where
) C Yy, F5 CYs are the fibres by p; and us of the points y; and y9, respectively.

Analogously, one proves that Fy, Fy are projective and connected varieties. Let
L1 be an effective ample invertible sheaf on Fy. Then £, = £; (%(9 F, is an invertible

sheaf on P(X), and hence invariant (since P(X) is a parabolic variety). The natural
morphism

P(X) — Proj P H°(P(X), L}) = Proj P HO(F1, L) = Fy

neN neN

is an invariant quotient, and it coincides with the projection on the first factor.
One concludes that Fy, Fy are Aut’ (P (X))-varieties and Aut’(P (X)) = Aut®(F}) x
Aut®(F3). In particular, one has that

Aut®(X) = Aut®(P(X)) x Ab(X)
= (Aut(F}) x Ab(Y1)) x (Aut®(Fy) x Ab(Yz)) = G; x Ga;

that is, AutO(X ) splits as a direct product of groups in such a way that G; acts
trivially on Y5 and G acts trivially on ;. So Aut’(X) = G1 x Gy € Aut®(Y7) x
Aut®(Ys) € Aut’(X), and then G; = Aut®(Y;) and Gy = Aut®(Y3).

Conversely, if Aut®(X) = G xGa, then Aut"(X) = G4 x G5 and Aut?*(X) =
G x G4, In particular, G¥™ is a normal subgroup of Aut’(X), and this is an
affine smooth and connected group. By Lemma 5.1l X = F; x X/G{™", and the
projections are AutO(X )-morphisms. F} is an orbit under the action of GY™; hence
G is semisimple of adjoint type, Fy = G%"/P; and the projection X — F is
an AutO(X )-morphism. Therefore, G{* x G5 induces a group of automorphisms
of Fy that commute with G{", i.e., a subgroup of Authlm7var(Glf"/P1),,ed =
(Ngiin(P1)/P1)rea = 0, where Nguin(P1) is the normalizer of Py in Gl because
if g € G normalizes P;, then it normalizes (P;)eq, and hence g € (P)),eq C P,
since Ng(P) = P for any reduced parabolic subgroup P of an affine smooth
and connected group G. Consequently, Aut®(Fy) = Gy and Aut’(X/GY") =
G{ x G3. Repeating the same argument with G5™ and X/G%™, one obtains that
X/Ghm = Fy x X/(G™ x GE™) = F, x Ab(X), where the projections are in-
variant quotients, Aut’(X/G4") = Aut®(Fy) x Aut’(Ab(X)), Aut’(F,) = G4»
and Aut’(Ab(X)) = Awt??(X) = G4 x G4, Regrouping the factors, one has
X = (Fy x G{*%) x (Fy, x G4%) = Y} x Y3 and Aut’ (V) = Gy, Aut®(Yz) = Gy. O

Definition 6.2. We say that a homogeneous variety X is indecomposable if it is
not the product of two varieties of dimension greater than zero.

Corollary 6.3. A parabolic variety X is indecomposable if and only if its auto-
morphism group is a simple group of adjoint type.

Corollary 6.4. Any parabolic variety P splits uniquely (up to permutation of the
factors) as a direct product of indecomposable parabolic varieties, P = Py x -+ X P.

Proof. This follows from Theorem 6.1 and from the existence and uniqueness of the
decomposition of an affine semisimple group of adjoint type as a product of simple
groups. ([
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Remark 6.5. From Theorem[B.dand Corollary 6.4, the classification of homogeneous
varieties is reduced to the classification of abelian varieties and the classification of
parabolic varieties with simple (of adjoint type) group of automorphisms.

Let G be an affine, simple, algebraic group of adjoint type. Let B = G/B. Then
G = Aut’(B) (see [4]), and any parabolic G-variety P is an invariant quotient
B — P (in a unique way up to translations by elements of G). The problem is to
determine the parabolic G-varieties P satisfying Aut’(P) = G.

First of all, let us specify what are the parabolic G-varieties, up to isomorphisms

of varieties. Let us consider the associated parabolic varieties Py = G/ Py, ..., Ps =
G/ Ps, where Py, ..., P; are the maximal reduced parabolic subgroups containing
B.

Given two parabolic G-varieties 7: B — P and 7’: B — P’, we shall denote by
P x P’ the parabolic G-variety image of the G-morphism 7 x ©': B — P x P’.

Remark 6.6. If P = G/P and P’ = G/P’ with P, P’ C G parabolic subgroups
containing B, then PxP’ = G/PNP’. Moreover, PP’ = sup(P, P’), with respect
to the order of the parabolic G-varieties.

Assume char(k) = p > 0. Given a variety X and a natural number n € N;
we shall denote by X" the scheme whose underlying topological space is X and
whose structural sheaf is the subsheaf O’)’: C Ox. One has a natural morphism of
schemes F™: X — X[ (F being the Frobenius morphism).

If G is a scheme in groups, then G is a scheme in groups and F": G — GI"
is a morphism of groups. We shall denote G,, = ker F™, which is a subscheme in
groups, finite and local.

Remark 6.7. It is easy to see that if P is a parabolic G-variety, then PI"l is a
parabolic G-variety too, and Aut’(P") = Aut®(P)l".

Theorem 6.8. Assume that 0 < char(k) # 2,3. For each parabolic G-variety P,
there exist unique indices 1 < i1 < --- < i, < s and exponents ny,...,n, € N such
that

Moreover, Aut’(P) = G if and only if nj, = 0 for some 1 < h < r and P, is
non-exceptional for some 1 < j <r. That is, G — Auto(’P) s mot an isomorphism
if and only if either ny,...,n,. > 0 or P is maximal and P C G is an exceptional
pair.

Proof. With the notation of [12], one has that each parabolic subgroup P of G
containing B can be expressed in a unique way as P = [ e Pnisis where S is
the basis of the root system of G corresponding to T" C B, Pg, is the maximal
parabolic subgroup such that the root system of (Ps,, T’) does not contain —3;, and
P, 8. = Gn, - Pg, it n; # 00, and Py, g, = G. With our notation, G/Pg, = P;,
G/Py, 3, = P}ni] if n; # oo, and G/Px g, = Speck; then P = G/P = P{nl] koo
5["5}, where 771-[00] = Speck, i.e., it is a factor that can be suppressed.

For the second part, one observes that G — Aut”(P) is injective if and only if
inf(ni,...,n,) = 0, since, on the contrary, it factors through GI. Moreover, it
is surjective if and only if there exists a morphism 7: Aut’(P) — Gl that co-

incides with F™ over G. Indeed, if 7 exists, then (ker)? is a normal subgroup
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of Aut’(P), and (kerm)® NG = {e}. Hence, since Aut’(P) is simple, one con-
cludes that (kerm)® = {e}, and then dim Aut’(P) = dim G = dim G; hence
G = Aut’(P). Now, if (G, P;) is non-exceptional, then Aut®(P;) = G. So (by the
following lemma) one has Aut®(P) — AutO(Pi[""’]) = Aut?(P;)["] = G and one
concludes. Conversely, if P is maximal and the pair P C G is exceptional, then
G ¢ Aut’(P). O
Lemma 6.9. With the notation of the preceding theorem, the projections P — ”Pi[n"]
are tnvartant quotients.

Proof. Let us consider the G-morphism m;: P — P}"i], let £ be a very ample

invertible sheaf on Pi[n"'] and £ = 7fL. Let 7: P — P be the invariant quotient
defined by the complete linear system H°(P, L) (Proposition[43)). It is clear that

7 factors through a morphism h: P — P}"i] and h*L is a very ample invertible
sheaf on P; hence h: P — Pi[n"'] is a finite morphism with connected fibers (since
these fibers are quotients of parabolic subgroups of G). Then P = pln and, by the

3
preceding theorem (first part), n > n,. It is clear that P = P{"l]*- . -*Pi[n]*- . .*775["5};
hence, again by the first part of the preceding theorem, n = n;; that is, P = Pi[n}
and m; = h is an invariant quotient. O

Let G be a simple algebraic group (of adjoint type) and D¢ its Dynkin dia-
gram. It is a connected graph (the Coxeter graph, whose vertices are the elements
of a basis of roots of G), where each edge has a weight m; = 1,2,3. One has
that Aut(G)/Inn(G) = Aut(Dg), i.e., the automorphisms of G, modulo inner au-
tomorphisms, are the automorphisms of the graph D¢ leaving the weights invari-
ant. Moreover, one has that Aut G = Inn(G) x Aut(D¢g), where the identification
Aut(D¢) C Aut G is given by the automorphisms of G that leave invariant a given
Borel subgroup B and a given maximal torus T C B. Therefore, Aut(Dg) acts on
the set of parabolic subgroups containing B. The action is as follows: the vertices
of D¢ correspond with the elements of a basis S of roots of GG, and these correspond
with the reduced and maximal parabolic subgroups of G containing B, P, ..., Ps.
On the other hand, the parabolic subgroups of G containing B correspond biuni-
vocally with the functions ¢: S — N U oo, i.e., with N* x --. x N* = N*S| where
N* = NUoo and Aut(Dg) acts on S. Finally, for G fixed, the parabolic G-varieties,
modulo isomorphisms of varieties, correspond with the parabolic subgroups of G,
modulo automorphisms of G, i.e., with the parabolic subgroups of G' containing B,
modulo Aut(Dg).

In conclusion, in characteristic different from 2 and 3, one has:

Theorem 6.10 (Classification of indecomposable parabolic varieties). Let G be a
simple algebraic group (of adjoint type), S the basis of roots of G corresponding to
T C B C G, and Dg its Dynkin diagram. The set of parabolic varieties whose auto-
morphism group is isomorphic to G, modulo isomorphisms of varieties, is identified
with the subset of the set

~

{Parabolic G-Varieties}/ ~ — N*S/ Aut(Dg)

formed by the classes of elements (ny,...,ns) € N*S such that n; = 0 for some i
and n; # oo for some j such that P; C G is non-exceptional.
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